We consider the emission spectrum of high-energy electrons in an intense laser field. At high intensities (a0 ∼ 200) we find that the QED theory predicts a narrower angular spread of emissions than the classical theory. This is due to the classical theory overestimating the energy loss of the particles, resulting in them becoming more susceptible to reflection in the laser pulse.
I. INTRODUCTION
Since the discovery of chirped pulse amplification [1] the powers and intensities of state of the art laser facilities have been exponentially increasing [2] , the current record of 2 × 10 22 W cm −2 having been set in 2008 [3] . With the advent of various new facilities over the next few years, such as the Vulcan 20 PW upgrade [4] , the Extreme Light Infrastructure (ELI) Facility [5] and the XCELS project [6] , this trend is expected to continue for the foreseeable future. The availability of such technology has driven a large field of research in the topic of nonlinear Thomson and Compton scattering, the understanding of which is important from a fundamental physics perspective [7, 8] . Additionally, and at least as importantly, the process produces high-energy, tuneable γ-ray beams, which are important for fundamental research [9] , as well as more practical applications such as cancer radiotherapy [10] and the radiography of dense objects [11] . Recent experiments [12, 13] have been pushing the limits of peak energies and brilliances, taking us towards the regime where radiation reaction and QED effects will start to come into play [14] [15] [16] . (For related studies of high energy electrons in orientated crystals see, e.g., [17] [18] [19] .)
In this article we study nonlinear Thomson and Compton scattering at ultra high intensities, assessing the impact of classical radiation reaction and QED effects on the properties of the emitted photon spectra. We find that, because the classical theory overestimates the radiative energy loss, it predicts a broader angular spread of emissions than the QED theory.
II. THEORY
We consider the case of an electron in a head on collision with a laser pulse. We adopt natural units where = c = 1. To begin with we will take our laser to * christopher.harvey@chalmers.se † arkady.gonoskov@chalmers.se ‡ mattias.marklund@chalmers.se § erik.wallin@physics.umu.se be a plane wave field propagating in the z-direction described by the null wave vector k µ = ω 0 (1, 0, 0, 1), with central frequency ω 0 . We assume the field to be polarised in the perpendicular (x) direction and therefore introduce the polarisation vector = (0, 1, 0, 0). We define the dimensionless intensity in the usual manner, a 0 = eE/ω 0 m, where E is the peak magnitude of the electrical field strength. The electromagnetic field tensor of the wave is taken to depend arbitrarily on the
is a function describing the pulse. Additionally, to aid future discussion, we also define the time-dependent intensity a(φ) = ef (φ)E/ωm, which is equal to a 0 at the pulse peak.
The emission spectrum from a particle in the field can be decomposed into a sum of harmonics, corresponding to multiples of the laser frequency. In the quantum description these correspond to the number of laser photons involved in the scattering process [20] . During each scattering process, the electron will absorb an integer number n of laser photons (each of momentum k) before emitting a photon of momentum k . From conservation of momentum arguments it can be shown that the frequency of the scattered photon is given by [21] 
where
It can be seen that when j n < 0 the maximum emission frequency occurs when the photons are backscattered (θ = 180 • ). Conversely, when j n > 0 the maximum frequency occurs for forward scattering (θ = 0). Note that the support for a given harmonic depends on the harmonic number n (and that the amplitude of a given harmonic will be determined by the cross sections provided in the references). For high intensities the spectrum will be composed of a very large number of harmonics, with the spectrum decaying after the harmonic with number n ∼ 3a 3 0 /2 [22] . Now let us consider the angular directions of the emissions. From expressions (1) and (2) it can be seen that the angular range of each harmonic will depend on both γ, the peak emissions will be forward scattered relative to the laser axis. (b) a0 ∼ 2γ defines the 'center-ofmass' frame for the collision where the peak emissions will be at 90
• . (c) a0 γ the peak emissions will be back scattered relative to the laser axis. See Ref. [21] for further details.
a 0 and the γ-factor of the electron. It can be shown that the angle at which the emissions peak depends on the ratio of the sum of the laser photon momenta to the electron momenta (see [21] for further details). In the case where the electron momentum is greater than the sum of the laser photon momenta for all the photons involved in even the highest order scattering processes, i.e. a 0 γ, the peak emissions will be forward scattered relative to the laser axis. In the opposite case, a 0 γ they will be backscattered, and the case a 0 ∼ 2γ defines the 'centerof-mass' frame for the collision (see [21, 23] ) where the peak emissions will be at 90
• . This is demonstrated in Fig. 1 .
When the background field is of high intensity the radiation emissions from the particle will be so strong that the resulting energy loss will begin to effect its motion [24] . This radiation reaction (RR) effect will cause the γ-factor of the particle to decrease during the interaction with the laser field. This will mean that in order to estimate the peak emission angle we must consider the value of the γ-factor when the particle is in the peak of the laser field (since the highest intensity region will produce the strongest emission signal strength and therefore dominate the total spectrum), rather than the initial value. This is illustrated in Fig. 2 where we show how the ratio of laser intensity to particle γ-factor changes with time.
If we wish to consider quantum effects then it is instructive to introduce the dimensionless and invariant 'quantum efficiency' parameter χ e ≡ p µ F 2 µν p ν /m 2 ∼ γE/E cr , where E cr = 1.3 × 10 16 Vcm −1 is the QED 'critical' field ('Sauter-Schwinger' field) [25] . This can be interpreted as the work done on the electron by the laser field over the distance of a Compton wavelength. In the regime χ e 1 quantum effects, including pair production from the emitted photons, will dominate. For the purposes of this study we restrict ourselves to the regime where a 0 , γ 1, such that quantum effects play a role in the Compton spectra, but have χ e 1, so that pair production can be neglected.
FIG. 2.
Diagram showing how the γ-factor of the particle decreases due to RR loses throughout its interaction with the laser pulse. The dynamics can be roughly divided into three regimes: (i) Initially γ a(φ), (ii) as the particle approaches the peak field it loses energy due to RR, resulting in γ ∼ a(φ), (iii) after the peak field there will be a period where γ < a(φ).
III. NUMERICAL TECHNIQUES
To generate the emission spectra we use the single particle code SIMLA [26] , which runs in both classical and QED modes. In the classical case we propagate the particle through the fields using the Landau Lifshitz (LL) equation, which takes into accounts RR effects via the inclusion of some correctional terms to the Lorentz force equation [27] 
where r 0 ≡ (2/3)e 2 /4πm is the classical electron radius, and the overdot denotes differentiation with respect to proper time. We note that there are numerous alternative equations in the literature (for an overview see Refs. [28, 29] and for further discussions of the LL equation see Refs. [30, 31] ). However, the LL equation has, along with some others, recently been shown to be consistent with QED to the order of the fine-structure constant α [32] .
The resulting classical emission spectra are calculated using a novel Monte Carlo method introduced in [33] . The method is simple and computationally efficient. As the particles in our simulation are ultra-relativistic the radiation due to transverse acceleration is dominant, since this is a factor γ 2 larger than that due to longitudinal acceleration [34] . Since the acceleration and velocity of the particle are perpendicular, we can approximate the radiation as synchrotron radiation. In our method we calculate the effective magnetic field, H eff , acting on the particle over each timestep. This is the magnetic field which would cause the same acceleration as the electric and magnetic fields together. The typical frequency of synchrotron emission is then given by ω c = 3eH eff γ 2 /2m. For an ultra-relativistic particle in an external, homogenous magnetic field, the classical radiation cross section can be expressed in terms of the intensity given by [34] 
dξ is the first synchrotron function. (We note that (4) is integrable in the limit ω → 0 and therefore the expression is well-defined. For further details see Ref. [35] .) At each timestep the quantity ω c is calculated and a Monte-Carlo method is used to sample from the spectra. The direction of the emission is taken to be that of the particle velocity, a good approximation for the ultra-relativistic case [34] .
In the QED case our code works as follows. We begin by introducing the (quantum) synchrotron parameter 1 in terms of the frequency of the emitted radiation ω ξ = 2 3χ e ω γm − ω .
In the case of high energy emissions, ξ 1, it can be shown that the photon coherence length goes like [36] l f ≈ 2 3
where λ = 2π/ω 0 is the laser wavelength. Thus in the high-intensity limit a 0 1 the size of the radiation formation region is much smaller than the laser wavelength [20] and so the laser background field can be approximated as locally constant and crossed [37] . We are then able to determine the probability of photon emission using the expression for the constant crossed field rate Γ q per unit time,
where K ν is the modified Bessel function, χ γ = k µ F 2 µν k ν /m 2 for the emitted photon with momentum
Although dΓ q /dχ γ diverges at small χ γ , the total rate of photon emission Γ q , given by integrating (7) over all χ γ ∈ [0, χ e ], is finite. (This apparent softening of the usual infra-red divergence in QED is explained in [38] .) A discussion of the relationship between quantum expression for the emission rate (7) and the classical expression (4) is given in the appendix. In the QED simulations the electron is propagated along a classical trajectory divided into discrete time 1 Note that in the classical regime the energy of the emitted radiation is typically much lower than the electron energy mγ (since the radiation is emitted continuously rather than as discrete emissions) and so we can approximate ξ ≈ (2/3χe)(ω /γ). Further approximating χe ≈ γH eff e/m 2 , one can see that ξ ≈ ω /ωc, the argument of our classical expression (4). steps. After each step ∆t the code calls a statistical subroutine to calculate the probability of photon emission and to correct the electron's momentum. The routine generates a uniform random number r ∈ [0, 1] and, if the condition r ≤ Γ q ∆t is satisfied, an emission is deemed to occur (under the requirement Γ q ∆t 1). Note that dΓ q /dχ γ (and Γ q ) are time-dependent quantities, due to the temporal variation of both the laser pulse and the electron motion. If an emission event occurs, a second uniform random number ζ ∈ [0, 1] is generated and the photon's χ γ (and hence its frequency) is calculated as the root of the sampling equation
The photon momentum is then determined by χ γ together with the assumption that at high γ the photon is emitted in the direction of the electron's motion, just as in the classical method described above. Finally, the momentum of the photon is subtracted from the momentum of the electron, i.e. the electron is recoiled, imposing the conservation law χ e → χ e − χ γ [20] . The simulation then proceeds by propagating the electron (via the Lorentz equation) and the photon (on a linear trajectory) to the next time step. In this way, multiple emissions are described as sequential single photon emissions, as in (7), occurring at discrete time intervals (for further information on the multi-photon calculation see Ref. [39] and for discussions of double emissions Refs. [40, 41] ). This method has recently been tested against cases where we can calculate the Compton spectra analytically and found to perform extremely well [42] .
IV. RESULTS

A. Plane wave model
We begin by considering an electron with an initial γ 0 = 800 in a head on collision with a plane wave laser of peak intensity a 0 = 200, λ = 0.8µm and duration 30fs FWHM. The emission spectra, calculated both classically and using the statistical QED routines, are plotted in Fig. 3 . It can be seen that, although for these parameters there is little difference between the frequency spectra, the classical theory predicts a much stronger signal at small angles than the QED theory.
To understand the reason for this discrepancy we must consider how the electron energy changes with time. In  Fig. 4 we plot the γ-factor of the classical electron (white line). It can be seen that the particle rapidly loses energy as it approaches the pulse focus. This means that the angular direction of the emitted radiation will be continuously changing as the ratio of the electron γ-factor to laser a 0 changes with time (see Fig. 1 ). This broadening of the angular range was first proposed in Ref. [43] as a signature of classical RR effects. (We also note that the rapid energy loss due to RR results in a natural resistance to the high-energy high-intensity regime, and is what prevents the use of lasers for distinguishing between RR models, see e.g. [44] .) Superimposed on the same plot we also show how the electron γ-factor changes in the QED case. To generate this statistical density we ran the code 500 times, using the same initial conditions for each run. It can be seen clearly that the classical expressions overestimate the energy loss of the particle. The reason for this can be understood from the fact that the QED electron only emits at discrete times, allowing it to penetrate deeper into the laser pulse before it loses energy from an emission (an effect known as "straggling" [45] ), whereas the classical electron is radiating and losing energy continuously 2 [28, 39] . This means that, as the 2 We note also that in Refs. [21, 46] it has been shown formally classical particle propagates through the pulse, its energy is going to be correspondingly lower than its QED counterpart. From Fig. 1 we can see that this means that the classical emissions will be at a correspondingly smaller angle than in the QED case. This is why the QED emission spectrum dies off at a bigger angle than the classical spectrum.
B. Realistic Example
To show that these results still hold in an actual experiment we consider a more realistic setup. Instead of a plane wave field we now model our laser pulse as a 30fs duration paraxial beam, of wavelength λ = 0.8µm, peak a 0 = 250 (equivalent to 2.64 × 10 23 W/cm 2 ), focussed to a waist radius of 2.5µm. These fields provide an accurate description of a focussed laser pulse, satisfying Maxwell's equations to the order of the paraxial expansion parameter θ 0 = λ/πw 0 ≈ 0.102, for more details see, e.g., Refs. [24, 47] (and for a discussion of Compton scattering in ultra-short focussed pulses see Ref. [48] ). The parameters we have chosen are typical of what will be achievable at the ELI facility [5] . We model our electron source as that, for any given frequency, the classical radiation spectrum forms an upper bound to the (single photon) QED Compton spectrum. The resulting emission spectra of the bunch of 1000 electrons are shown in Fig. 6 . Even though we are now using realistic, non-ideal parameters, the difference in angular spectra between the classical and QED models is still clearly evident. The classical theory predicts a strong radiation signal over the range θ ∼ 10 − 50
• , whereas the QED theory predicts only minimal radiation at these angles. At the same time the integrated frequency spectra are still very similar for these values. Hence we find that these signatures are sufficiently robust to survive realistic beam focussing effects.
V. DISCUSSION
Our analysis shows a significant difference in the angular emission spectra predicted by the classical and QED theories. The intensities we have chosen are only slightly higher than the current state-of-the-art, and well within the parameters expected at the new generation of facilities, such as ELI. For the regimes we have considered we find χ e ∼ 0.2 − 0.25, indicating that this is an effect which becomes important before the onset of more explicit QED processes, such as pair production and runaway cascading. The difference in angular spectra won't be visible for all sets of parameter values. One needs a large a 0 in order that RR effects are significant and, additionally, one needs for the electrons to become reflected roughly in the middle of the pulse. If one has a 0 γ 0 then the electrons will be reflected very early and thus spend a significant amount of time co-propagating with the pulse -a regime in which the dynamics will be wholly classical. Also, if one has γ 0 a 0 the electrons will not be reflected and the angular broadening due to RR will be small. Nevertheless, there is a broad range of parameters where a 0 and γ are of same order of magnitude and the effect will be significant. (This parameter regime is found to be optimal for various studies of intense laserparticle interactions, including nonlinear Compton scattering [21] , classical radiation reaction [43] , and for the generation of attosecond gamma-ray pulses [49] .)
The angular narrowing we have predicted is important for two reasons. Firstly, it provides a clear signal of strong field QED effects, distinct from classical RR, at parameters that will soon be obtainable. Secondly, it is an effect which will have to be taken into consideration when planning applications of Compton scattering with the new generation of ultra-intense lasers.
Here we demonstrate explicitly that the expression for photon emission in the QED form (7) coincides exactly with the one in the classical form (4) in the limit of low intensity and/or energy. Following the derivation of the classical synchrotron spectrum [27] we represent Eq. (7) via the first and the second synchrotron function [50] . Firstly, we convert the rate of emission to the spectral intensity of emission, multiplying it by photon energy ω Using the ratio of the photon energy to the initial electron energy d = ω / (mγ) = χ γ /χ e as a parameter we obtain
This form of the expression makes it possible to see that in the case where the photon has much lower energy than the electron (d 1) the expression tends exactly to the classical one (4) .
